Abstract. In this paper, we generalize portions of the theory of localization to the category of nilpotent R-powered groups, where R is a binomial UFD. In particular, we show that if o is a set of primes in R and G is a finitely R-generated nilpotent R-powered group, there exists a unique nilpotent R-powered o-local group that is, in some sense, the ''best approximation'' to G among all nilpotent R-powered o-local groups. We also use various residual properties of nilpotent R-powered groups to prove that every o-localization map is an o-isomorphism when R is a PID containing Q and G is finitely R-generated.
Introduction
A group is said to be P-local, where P is a set of prime numbers, if every element has a unique n-th root for n relatively prime to the elements of P. Given a nilpotent group G, there is a homomorphism of nilpotent groups e : G ! G P which P-localizes G. This means that G P is P-local and e satisfies a suitable universal mapping property with respect to P-local nilpotent groups. Roughly speaking, G P is the best approximation to G among all P-local nilpotent groups. This is known as the Fundamental Theorem of Localization of Nilpotent Groups (see [7] ). It is not hard to see, for example, that for a single prime p, Z p ¼ fm=n : m; n A Z and ðn; pÞ ¼ 1g is the p-localization of the additive group of integers, and e : Z ! Z p is the canonical embedding. Here, G p denotes the localization of a nilpotent group G at a single prime p.
The nilpotency class of G P never exceeds that of G and P-localization is an exact functor from the category of nilpotent groups to itself. Furthermore, the restric-tion of e to the lower central series gives P-localization maps. If G is finitely generated, Hilton has shown that the restriction of e to the upper central series also gives P-localization maps (see [6] ). There are natural notions of P-torsion subgroup, P-monomorphisms, P-epimorphisms, and consequently, P-isomorphisms between ordinary nilpotent groups. An important result involving these is that a homomorphism j : G ! K is a P-localization map if and only if K is P-local and j is a P-isomorphism. For details and proofs, see [6] , [7] and [15] .
It is sensible to ask whether a nilpotent group is determined, up to isomorphism, by its p-localizations, where p varies over the set of all primes. The answer is in the negative. Consider the following examples, due to Remeslennikov:
In the category of class 4 nilpotent groups, let S ¼ hx; y; ½y; x; y; y 3 ½y; x; x; y½ y; x; x; x 2 i and T ¼ hx; y; ½y; x; y; y 6 ½ y; x; x; y½ y; x; x; xi:
S and T are not isomorphic but their p-localizations are isomorphic for every p (see [16] ). More examples exhibiting this behavior can be found in [15] . Thus, even though studying the p-localizations of a nilpotent group may o¤er some insight into the structure of the group, it does not necessarily determine the group itself.
In this paper, we generalize portions of the theory of localization to the category of nilpotent R-powered groups, where R is a binomial UFD. To this end, we resort to previous work by the authors (see [11] and [12] ) on the extraction of roots in nilpotent R-powered groups. In addition, inspired by what is done in [15] , as well as in [12] , we use various residual properties that hold in the category of nilpotent R-powered groups in order to obtain some of our main results (see Theorem 5.10).
We begin with some definitions. Definition 1.1. A binomial ring R is an integral domain of characteristic zero with unity such that for any r A R and
Examples of binomial rings are Z, K ¼ any field of characteristic zero, and K½x 1 ; x 2 ; . . ..
In [5] , Hall gives the definition of a nilpotent R-powered group. Definition 1.2. Let G be a nilpotent group which comes equipped with an action by a binomial ring, R, such that for all g A G and for all a A R, the element g a A G is uniquely defined. G is termed a nilpotent R-powered group if the following axioms hold: where k is the class of the nilpotent group generated by fg 1 ; g 2 ; . . . ; g n g and g ¼ ðg 1 ; . . . ; g n Þ.
The t i ðgÞ's in the Hall-Petresco axiom are called the Hall-Petresco words. By setting a ¼ 1, a ¼ 2, and so on, one can compute the Hall-Petresco words:
Categorical notions such as R-subgroups, R-morphisms, etc. are given in [5] . In the same notes, Hall proved that t i ðgÞ A g i ðGÞ. As a consequence, if a A R and g and h commute in G, then ðghÞ a ¼ g a h a . Many examples of nilpotent R-powered groups are known. For instance, R-modules and R-completions of finitely generated torsion-free nilpotent groups with respect to a Mal'cev basis are nilpotent R-powered groups (see [5] ).
In [11] and [12] , the authors study the extraction of roots in nilpotent R-powered groups. If G is a nilpotent R-powered group and g A G, then g has an a-th root if there exist h A G and a A R such that h a ¼ g. Not every element in G may have an a-th root. However, there may be elements of G with more than one a-th root.
For each non-empty set of primes o in R, we have the following classes:
E o denotes the class of groups in which a-th roots exist for all a A o;
U o denotes the class of groups in which a-th roots are unique (whenever they exist) for all a A o;
Several results proven by C ernikov ( [2] and [3] ), Mal'cev [13] , and Baumslag [1] on the extraction of roots in ordinary nilpotent groups carry over to nilpotent R-powered groups. The interested reader can refer to [11] and [12] .
In this paper, R will always denote a binomial ring, and N R will denote the class of nilpotent R-powered groups. Unless otherwise told, o will be a (possibly empty) set of primes in R, and o 0 the set of primes in R not contained in o. We represent the unity element of R, the group identity element, and the trivial subgroup of a group by 1. The paper is organized as follows:
In §2, we provide some background on nilpotent R-powered groups. In §3, we discuss o-local groups in the context of extraction of roots and isolators. Among other results, we prove: Various results on o-morphisms are proven in §4. They are generalizations of those found in [7] .
In §5, we prove the Fundamental Theorem of Localization in the category of nilpotent R-powered groups and some of its consequences. The main results of this section are: Theorem 5.10. Let R be a PID containing Q, and let G A N R be finitely R-generated. Then the o-localization map
A selection of open problems is given in §6.
Preliminaries
We begin by providing some background material on nilpotent R-powered groups which will be used throughout the paper.
Let G be a nilpotent R-powered group. If H is an R-subgroup or a normal R-subgroup of G, then we write H c R G and H t R G, respectively. We say that an R-subgroup H of G is R-generated by X ¼ fx 1 ; . . . ; x j g if
If G A N R and N t R G, then the R-action on G induces an R-action on G=N,
which turns G=N into a nilpotent R-powered group. The usual isomorphism theorems carry over to nilpotent R-powered groups in a natural way.
Definition 2.1. Let R be a UFD. An element 0 0 a A R is an o-member if a is a non-unit and all its prime divisors are in o.
This definition of o-member is a revision of an earlier definition contained in [11] and [12] .
We require R to be a UFD so that every irreducible element is prime and the set of o-members is multiplicative. If p is a prime in R and o ¼ fpg, we use the terms p-torsion and p-torsion-free. The set of all o-torsion elements of G A N R is a normal R-subgroup of G and is denoted by t o ðGÞ.
The notions of torsion R-group (R-torsion) and torsion-free R-group (R-torsionfree) can be stated in the obvious way. Since these do not depend on a given set of primes, R need not be a UFD. Throughout the paper, torsion and torsion-free will always be with respect to R.
It is well-known that if o is a set of primes in Z and G is a nilpotent group, then G is o-torsion-free if and only if it is a U o -group. When R is a UFD, we have the following analogue:
This is a particular case of our result in [11] , where we did not assume R to be a UFD.
Every nilpotent R-powered group G has a unique maximal E o -subgroup, denoted by r o ðGÞ, when R is a UFD (see [12] ). The next theorem will be needed to establish Theorem 5.9. The proof can be found in [12] . Theorem 2.3. If R is a PID and G is a finitely R-generated nilpotent R-powered group, then r o ðGÞ ¼ t o 0 ðGÞ.
Another result used in establishing Theorem 5.9 is the following (see [9] or [11] Definition 2.5. Let R be a UFD. A finitely R-generated o-torsion group G is said to be of finite o-type.
If o ¼ fpg for a prime p A R, then G is of finite p-type. Groups in N R of finite p-type are the analogues of finite p-groups. Since every finitely generated torsion nilpotent group is finite, it makes sense to have ordinary finite nilpotent groups correspond to finitely R-generated R-torsion groups in N R . Again, it is not necessary for R to be a UFD in the following definition: Definition 2.6. A nilpotent R-powered group is of finite type if it is a finitely R-generated torsion R-group.
We end this section with a useful theorem about o-isolated R-subgroups (see [12] ). Recall that if R is a UFD, G A N R , and H c R G, then H is o-isolated in G if it has the property that: whenever g A G and g a A H for some a A o, then g A H. 3 o-local groups Definition 3.1. Let R be a UFD. A nilpotent R-powered group G is termed o-local if the map g 7 ! g a is a bijection from G onto itself for each o 0 -member a.
We make the following immediate observations (R is a UFD and G A N R ):
Although R-subgroups and R-quotients of o-local groups need not be o-local, we have:
Lemma 3.4. Let R be a UFD. Suppose G is o-local, and let N be a normal R-subgroup of G. Then N is o-local if and only if G=N is o-local.
Proof. Suppose N is o-local. By Remark 3.3 N is o 0 -isolated in G, and by Theorem 2.7, G=N is a U o 0 -group. Thus, the map gN 7 ! ðgNÞ a is injective on G=N for all o 0 -members a. The map is also surjective on G=N since it lifts to a surjective map on G. This proves that G=N is o-local.
Conversely, suppose that G=N is o-local and let a be an o 0 -member. Then N is o 0 -isolated in G by Theorem 2.7. Hence N is o-local by Remark 3.3. r
If G A N R and both N and G=N are D o -groups for any normal R-subgroup N of G, then G must also be a D o -group (see [12] ). We provide a proof of this result using the terminology of o-local groups. The proof makes use of the next lemma, whose proof can be found in [12] . Now, G is a U o 0 -group by Theorem 2.2, so the map g 7 ! g a is injective for every o 0 -member a. We show that this map is surjective for any o 0 -member a. Letg g A G. Since G=N is o-local,g gN has a unique a-th root in G=N, say gN. Then ðgNÞ a ¼g gN, so thatg gðg a Þ À1 A N. Thus, there exists an n A N such thatg g ¼ g a n.
Since
We recall the definition of the o-isolator of a set S in a nilpotent R-powered group G (see [12] ).
Definition 3.8. Let R be a UFD. If G A N R and S H G, then the o-isolator of S in G, denoted by I o ðS; GÞ, is the intersection of R-subgroups containing S which are o-isolated in G.
Clearly, I o ðS; GÞ is an R-subgroup of G. The proof of the next theorem imitates the one given by Warfield (see [15] ) for p-isolators of nilpotent groups. Proof. Suppose H and I o ðH; GÞ have nilpotency classes c and k, respectively. Clearly, H c R I o ðH; GÞ. Hence, c c k. We show the reverse inequality.
Let g i H denote the i-th R-subgroup of the lower central series for H. Since H has nilpotency class c, Since H is o-torsion-free and a 1 . . . a cþ1 is an o-member,
Therefore, the nilpotency class of I o ðH; GÞ is at most c; that is, k c c. r
By Corollary 3.10 and Lemma 3.11, one can quickly establish the following:
Lemma 3.12. Let G be an o-local group, and let R be a UFD. If H is an R-subgroup of G which R-generates G as an o-local group, then G and H have the same nilpotency class.
The next lemma will be needed to prove Theorem 5.3. 
Now, g has a b-th root for any o 0 -member b. To see this, notice that there exists m; n A R such that mb þ nm ¼ 1 and, thus,
And so, g m is a b-th root of g and, therefore, G A E o 0 . This completes the proof. r
o-morphisms
In this section, R will always be a binomial UFD. Various R-morphisms play a fundamental role in the study of o-localization. The results in this section are established in a similar way to those in [7] . For completeness, we provide some of the proofs. 
In the next proposition, we collect various properties of o-injective and o-surjective maps. The proof makes use of the following analogue of a theorem by Hilton [6] : Theorem 4.3. Let G be a nilpotent R-powered group, and let g; h A G such that h a ¼ 1 for some a A R. Then
In particular, if G has class c, then ðghÞ
To prove Theorem 4.3, one needs to use the axioms, together with the commutator calculus and some results from [8] .
Proposition 4.4. Let G 1 , G 2 , and G 3 be nilpotent R-powered groups, and let j 1 : G 1 ! G 2 and j 2 : G 2 ! G 3 be R-homomorphisms.
Proof. A routine check confirms (i), (ii), and (iii). We prove (iv). Let y A G 2 , and let c be the nilpotency class of G 2 . where t d c. The result follows from the fact that bm t is an o 0 -member. r
The next lemma is straightforward. Its converse is trivial for any G 1 and G 2 in N R (not necessarily o-local).
Lemma 4.5. Let G 1 and G 2 be o-local groups, and let j :
be a map of central extensions of nilpotent R-powered groups, where each row is exact. Since bm is an o 0 -member, f is o-surjective. r
The fundamental theorem
In this section, we prove the Fundamental Theorem of Localization in N R (R is a binomial UFD) and some of its consequences. The proof is analogous to the one for ordinary nilpotent groups (see [15] ). We begin with a definition.
Definition 5.1. Let R be a UFD and o a set of primes in R. Let G and G o be nilpotent R-powered groups. An R-homomorphism
, and for every o-local group K and every R-homomorphism G ! K, there exists a unique
The following lemma will be needed in the proof of Theorem 5.3.
Lemma 5.2. In the category of nilpotent R-powered groups, a direct product of a family of o-local groups is again o-local.
Proof. Let ðG i Þ i A I be a family of o-local groups, and let G ¼ Let G o be the o-local R-subgroup of H which is R-generated by fðGÞ. Let e be the map f, regarded as an R-homomorphism from G to G o . We claim that e is an o-localization map. Suppose K is any o-local group and c : G ! K is an R-homomorphism. If W is the o-local R-subgroup of K which is R-generated by cðGÞ, then there exists an i 0 A I such that, up to R-isomorphism,
The R-homomorphism m : G o ! H i 0 given by ðh i Þ i A I 7 ! h i 0 satisfies m e ¼ j i 0 . We show that m is a unique R-homomorphism satisfying this property. Let t : Using standard categorical arguments, one can see that o-localization gives rise to an exact functor (see [15] for a proof of exactness in the classical context). The next proposition follows directly from the construction of the o-localization map in the proof of Theorem 5.3. For any finitely generated nilpotent group and any set of primes P, a P-localization map is always a P-isomorphism (see [7] ). The next few results gear toward generalizing this result for nilpotent R-powered groups, where R is a certain binomial ring.
Our approach uses residual properties. We assume the reader is familiar with the equivalent definitions of residually P, where P is a property of groups (see [14] ). Such equivalent notions carry over naturally to the category of nilpotent R-powered groups. It is relative to the latter category that we will say that a group is residually-P.
The following theorem was proven by the authors in [12] .
Theorem 5.6. Let R be noetherian and containing Q, and let p be a prime in R. If G A N R is finitely R-generated and torsion-free, then G is residually of finite p-type. Hence, using Proposition 4.4 (ii), G=t o 0 ðGÞ can be R-embedded in G o . This shows that e : G ! G o is an o-isomorphism whenever G is finitely R-generated. r Corollary 5.11. Let R be a PID containing Q, and let G A N R be finitely R-generated. The mapping G ! G o is an R-embedding if and only if G is o 0 -torsion free.
Proof. By Theorem 5.10, the kernel of e : G ! G o consists precisely of the o 0 -torsionelements. The result follows. r Our last result characterizes o-local groups in N R (R is a binomial UFD) as those that admit an action by a subring of the field of fractions of R. This characterization carries over from the localization theory of ordinary nilpotent groups.
To accomplish this, we let R be a binomial UFD and G A N R be finitely R-generated. Denote by R Ã the field of fractions of R, and let o be a set of primes. Consider the following subring of R Ã :
If G is o-local, then for every g A G and o 0 -member b, the b-th root of g (written as g 1=b ) is uniquely defined in G. This induces an action of R o on G in the obvious way. Conversely, if R o acts on G then G is o-local by definition. Thus we have: Proposition 5.12. Let R be a UFD and G A N R . Then G is o-local if and only if there exists an action of R o on G.
Open problems
Inspired by the theory of localization of ordinary nilpotent groups, we end this paper with questions for further research. All rings mentioned are binomial UFD's. Conjecture 6.1. Let j : G ! K be an R-homomorphism of nilpotent R-powered groups. Then j is an o-localization map if and only if j is an o-isomorphism and K is o-local. Conjecture 6.2. Let G and H be nilpotent R-powered groups, and let j : G ! H be both an R-homomorphism and an o-isomorphism. Suppose that H is o-local. Then j is an R-embedding if and only if G is o 0 -torsion-free.
Problem 6.3. Find two groups in N R that are p-isomorphic for every prime p A R, but not R-isomorphic.
The ring R o in Proposition 5.12 is a binomial ring (see [4] ). We suspect that the following is true:
Conjecture 6.4. Suppose G is a nilpotent R-powered group. If G is o-local, then G is a nilpotent R o -powered group.
